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ABSTRACT

Let ¥ be an homomorph and Fitting class such that E.¥ = &. In this paper we
prove that if all F-constrained groups have F-injectors, then all groups have
F-injectors. In particular if & is a class of quasinilpotent groups containing the
nilpotent groups, then every group has F-injectors.

Introduction. Notation

All groups considered throughout this paper will be finite. We denote by &
the class of nilpotent groups and by A'™* the class of quasinilpotent groups, i.e.

N*={G| G = F(G)L(G) = F*(G)}.

(For the basic properties of quasinilpotent groups and of the ¥ *-radical F*(G)
of a group G, the reader is referred to ([4]) X.4 13; we shall use these properties
without further reference.) The concept of semisimple group is taken from
Gorenstein-Walter’s paper ([3]). We denote by L (G) the semisimple radical of
G, L(G) is sometimes called the layer of G. A group G is N-constrained if
Cs(F(G))= F(G) ([7]) and a group G is N-constrained if and only if L(G)=1
(18).

Throughout the paper ¥ means an homomorph of Fitting such that E.¥ = %
(i.e. if G/Z(G)E ¥ then G € F). A group G is F-constrained if Cs(Gs)=
Gs, where G5 is the F-radical of G. The class of %-constrained groups is a
Fitting class denoted by Xs and a group G is %-constrained if and only if
L(G)e Z ([5).

In 1971 A. Mann proved that an /'-constrained group has a unique conjugacy
class of N-injectors. Blessenohl and Laue proved that all groups have a unique
conjugacy class of N *-injectors. It is well known that all groups are A™*-
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constrained. In ({[S]) we proved that if ¥ C ¥ C N*, then all ¥-constrained
groups have F-injectors.
The aim of this paper is mainly to prove the following:

THeEOREM. (a) Let G be a group, X an %-injector of L(G). If Ng(X) has
F-injectors, these are also F-injectors of G.

(b) If all F-constrained groups have F-injectors then all groups have %-
injectors.

Before proving the theorem we give the following results.

LemMMma 1. Let G, be a non-abelian simple group, i=1,...,n and G =
G, XX @,, then G contains F-injectors which are the product of the #-
injectors of the factors.

ProoF. By induction over n. First we suppose n=2. Let V,, V, be
F-injectors of G,, G, respectively. Let V be an %-maximal subgroup of G
containing V; X V.. Since the only subnormal subgroups of G are 1, G|, G>, G, it
is clear that V is an %-injector of G. Moreover:

D=V, xV,=(VNG)X(VNG,) = V.

On the other hand, VG,/G,€ & and this group contains (VN G,)G,/G, =
V N G, that is an %-injector of G,. Hence VG, =(V N G:)G, and so: | V|=
VNG ||IVNG,and V=V, X V..

Now suppose n >2. Let V; be an F-injector of G;, i =1,...,n and let V be
an ¥-maximal of G containing ViX V;X---X V.

Put N=G, XG:; X+ XG,_y, then VAN=V, X V,xX---x V,_, by induc-
tive hypothesis. On the other hand VN/NE€ % and this group contains
(VN G,)N/N= VNG, that is an F-injector of G, = G/N, hence: VN =
(VNG.)N and so |V|=|VNG,|IVNN|. Therefore V=V,x:--xV,.
Finally since every subnormal subgroup of G is a product of some G, now we
have, by inductive hypothesis, that V=V, X V,Xx---X V, is an F-injector of
G.

LEMMA 2. A group G possesses F-injectors if and only if G| Z(G) possesses
F-injectors.

Proor. Let H be an F-injector of G and G*/Z(G)<4 <4 G/Z(G), then:
H/Z(G)N G*/Z(G)=(H N G*)/Z(G). Since ¥ is extensible by central sub-
groups, it follows that (H N G*)/Z(G) is ¥-maximal subgroup of G*/Z(G).
Therefore H/Z(G) is an F-injector of G/Z(G).
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Conversely, assume that H/Z(G)is an F-injector of G/Z(G)and G* 44 G.
Let HN G*=F = G*, F € %, then we have:

(HN G*)Z(G) Z(G)=FZ(G)/Z(G)= G*Z(G)/ Z(G)2 2 G/Z(G);

since FZ(G)/Z(G)€E %, it follows that: (HN G*)Z(G)= FZ(G) and thus:
F=FNHNG*Z(G)=(HNG*FNZ(G))=HNG*.

CoroLLARY 1. If G is a semisimple group, then G contains F-injectors.

ProOF. Since G/Z(G)is a direct product of non-abelian simple groups, this
is a consequence of Lemmas 1 and 2.

CoROLLARY 2. Let G be a semisimple group G = G,G, where G; is a
semisimple group, i =1,2 and [G,, G;]=1. If J is an F-injector of G, then:

Proor. ByLemma2,J/Z(G)is an F-injector of G/Z(G)and this is a direct
product of non-abelian simple groups. Since G|/Z(G)=
(G, Z(G)IZ(G)) X (G.Z(G)/ Z(G)), we can apply Lemma 1 to obtain:

JIZ(G)=(/Z(G)N G Z(G)IZ(G)(JIZ(G)N G,Z(G)/ Z(G))
and hence:
J=INGZGHUNGZG)=(INGIING)Z(G)=TNGHING,)

since Z(G) = Z(G)Z(G>).

PrOOF OF THE THEOREM. (a) Let J be an F-injector of Ng (X). First we prove
that J is an ¥-maximal subgroup of G.

Let H be an %-subgroup of G such that JEH=G. Then HNL(G)=X
and hence H = N;(X) and J = H.

Using induction on |G|, we can now prove that J is an %-injector of G.

Let G* be a maximal normal subgroup of G. We can consider two cases:

Case 1. L(G)=G*

In this case: L(G)= L(G*), X is an F-injector of L(G*)and JN G* is an
F-injector of Ng(X)N G* = Ng-(X). By inductive hypothesis it follows that
J N G* is an F-injector of G*.

Case 2. L(G)ZG*

In this case L(G)= L(G*)R where R is a semisimple normal subgroup of G
and [L(G)N G* R}=1.

Notice that:

[G* R]=[{G* L(G)]=G*N L(G).
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The three-subgroups lemma together with the perfectness of R yield that
[G*R]=1
Now, by Corollary 2 we obtain:

X=(XNL(G*)(XNR)
and so
N6+ (X N L(G*))= Ns-(X)= Ng:(X N L(G*)).

Since JN G* is an F-injector of Ng-(X)= Ns-(X N L(G?*)), using inductive
hypothesis we obtain that J N G* is an F-injector of G*.

(b) Let G be a counterexample of minimal order. We can suppose that
L(G)& %, because if L(G)E % then G would be an %-constrained group.

Let X be an Z-injector of L(G). If Ng(X)< G then Ng;(X) contains
F-injectors and by part (a) it follows that G contains %-injectors, a contradic-
tion. Therefore Ng(X)= G and so X < L(G)hence L(G)= XR, where R is a
non-trivial semisimple normal subroup of L(G) and [X,R]=1.Then XN R =
Z(R) is an %-injector of R. Whence, using Lemma 2, it follows that 1 is an
%-injector of R/Z(R) and so R/Z(R)=1, thus R is trivial, a contradiction.

CoOROLLARY 3. If N CF C N*, then all groups have ¥ -injectors. In particu-
lar, all groups have N -injectors.

Proor. By ([5]) we know that all ¥-constrained groups have %-injectors and
so it suffices to apply part (b) of the above theorem.

The particular case ¥ = A" has been recently obtained by P. Forster ([2]).

REMARKS.

(1) If & verifies the hypothesis of part (a) of the theorem, and G is a group,
then every %-injector of L(G) is contained in an %-injector of G.

(2) Let G be a group such that every -injector of L(G) is contained in an
F-injector of G. Suppose that G possesses a unique conjugacy class of
F-injectors, then G is an F-constrained group.

Indeed, let I, I, be F-injectors of L(G) and Vi, V., Z-injectors of G
containing I, I respectively, then there exists g € G such that V, = V{and so:
If= VN L(G)= V,N L(G)= L. Let p, q be prime divisors of | G| with p# q
and P, Q p, q-Sylow subgroups of L(G) respectively. Then there exist I,, I,
F-injectors of L(G)suchthat P=I,and Q =L,. Thus P =If=Lforag€G.
With this method we can obtain that L(G) € ¥ and then G is an ¥-constrained

group.
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(3) Let Vi, V, be N-injectors of a group G, such that V. N Cs(F(G)) and
V,N Cs (F(G)) are conjugated in G. Then V, and V; are conjugated in G.

In fact, there exists g € G such that ViN C;(F(G))= V,N C(F(G)) =1,
then V§ and V, are N-maximal subgroups of G containing IF(G). Clearly
Cs(IF(G)) = Ceyrop(I)=I and using Lausch’s theorem ([6]) we obtain that
V, and V; are conjugated in G.

(4) Let o be a set of prime numbers. The classes

x- ={G| G = F(G)O, (L(G))}

are examples of homomorphs of Fitting F verifying E.¥ = %. These classes of
quasinilpotent groups contain the nilpotent groups.

(5) Let ¥ be a Fitting class. Assume: (i) NC # CN* and (ii) whenever
Ge ¥ it follows that G/ZE€ K for every Z=Z(G). Then ¥ is an
homomorph.
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